In this paper, the linear vibrations of triple-walled carbon nanotubes (TWNTs) are investigated. A multiple elastic thin shell model is applied. The TWNT dynamics is studied in the framework of the Sanders-Koiter shell theory. The van der Waals interaction between any two layers of the TWNT is modelled by a radius-dependent function. The shell deformation is described in terms of longitudinal, tangential and radial displacements. Simply supported, clamped and free boundary conditions are applied. The three displacement fields are expanded by means of a double mixed series based on Chebyshev polynomials for the longitudinal variable and harmonic functions for the tangential variable. The Rayleigh-Ritz method is applied to obtain approximate natural frequencies and mode shapes. The present model is validated in the linear field by means of comparisons with data from the literature. This study is focused on determining the effect of geometry and boundary conditions on the natural frequencies of TWNTs.
Introduction
Single-walled carbon nanotubes (SWNTs) were discovered in 1991 by Iijima [1] , who first reported the preparation of a new type of finite carbon structure consisting of needle-like tubes, the carbon nanotubes (CNTs), which were described as helical microtubules of graphitic carbon.
Since CNTs present a very high Young's modulus (1-2 TPa) and tensile strength (100 GPa) together with very small diameter (1-2 nm), they can reach natural frequencies of the THz order and can be used as advanced resonators with low energy consumption and high sensitivity.
Dresselhaus et al. [2] reported a review of the main electronic, thermal and mechanical properties of CNTs, with particular reference to properties differing from those of the bulk counterparts and to potential applications resulting from the unique structure and properties of CNTs.
Hartmann et al. [3] described the past, current and future of THz science and technology of CNTs. They reviewed fundamental studies on THz dynamic conductivity, THz nonlinearities and ultrafast carrier dynamics and THz applications, such as sources, detectors, modulators, antennas and polarisers.
Thostenson et al. [4] reviewed the advances in the science and technology of CNTs and their composites, with particular regard to the structure and processing of CNTs, as well as the characterisation and property modelling of CNTs and their composites.
Gibson at al. [5] presented a review on the modelling and simulation of vibrating nanotubes, studies of nano-mechanical resonators and oscillators and the use of vibration measurements to characterise nanotube mechanical properties, together with vibrations of nanotube-based sensors and actuators.
Starting from their high mechanical and physical properties, CNTs are used as ultrahigh frequency nano-mechanical resonators in a large number of nano-electro-mechanical devices, such as sensors, oscillators, charge detectors and field emission devices.
Endo et al. [6] reviewed the progresses on the synthetic techniques for the large-scale production of CNTs and the most promising electro-chemical CNT applications: lithium-ion batteries, lead-acid batteries, electric double-layer capacitors, fuel cells and multifunctional fillers in composites.
Baughman et al. [7] discussed the most relevant potential applications proposed for CNTs, including conductive and high-strength composites, energy storage and energy conversion devices, sensors, field emission displays and radiation sources and hydrogen storage media.
De Volder et al. [8] considered the most important future commercial applications of CNTs: rechargeable batteries, thin-film electronics and large-area coatings, supercapacitors, actuators and lightweight electromagnetic shields, microelectronics, solar cells, water filters and composite materials.
Other important electro-mechanical applications of CNTs can be found in Freitas [9] , Mahar et al. [10] , Ouakad and Younis [11] and Li et al. [12] .
CNTs can be divided into two classes: SWNTs, given by a graphene sheet rolled into a cylinder, and multi-walled carbon nanotubes (MWNTs), composed of concentric SWNTs, where the different layers are connected by van der Waals (vdW) interaction forces.
The analogies between discrete SWNTs and continuous shells led to a very large application of the elastic shell theories for the study of the linear vibrations of SWNTs.
Liew and Wang [13] investigated the wave propagation in SWNTs via two different elastic shell theories, that is, Love's thin cylindrical shell theory and the Cooper-Naghdi thick cylindrical shell theory, the last one taking into account also the shear and inertia effects.
Wang et al. [14] studied static buckling and free vibrations of simply supported SWNTs comparing the results of the Donnell shallow shell theory and the simplified Flugge thin shell theory with the results of the exact Flugge thin shell theory, which retains all three displacement fields.
Silvestre [15] investigated the buckling behaviour of clamped SWNTs under external torsion using the Donnell shallow shell theory and the Sanders-Koiter thin shell theory in a wide range of aspect ratios, diameters and chiralities.
Hu et al. [16] investigated the transverse and torsional wave propagations in SWNTs by comparing the results of a nonlocal elastic shell model based on the Eringen's parameter and the results of the classical Donnell and Sanders thin shell theories.
Silvestre et al. [17] used the Donnell shallow shell and Sanders-Koiter thin shell theories to study the buckling behaviour and relative mode shapes of axially compressed simply supported SWNTs presenting a small aspect ratio.
Strozzi et al. [18] studied the low-frequency linear vibrations of SWNTs in the framework of the Sanders-Koiter thin shell theory. Two approaches, based on numerical and analytical models, were compared. Several types of SWNTs were analysed by varying the aspect ratio and chirality.
Aminpour and Rizzi [19, 20] proposed a one-dimensional continuum model with microstructure for the bifurcation analysis of SWNTs. Polynomial nonlinear hyper-elastic constitutive functions were used to describe the internal structure in order to capture necking and kinking nonlinear phenomena arising in CNTs. The bifurcation analysis was performed by means of the asymptotic method.
Eremeyev [21] analysed the effective properties of materials at the nano-scale considering surface effects on the basis of surface elasticity models under infinitesimal deformations. Starting from the mechanical characterisation of the materials, he applied methods and techniques for modelling the mechanical behaviour of nano-structured materials taking into account also surface/interface physical properties. Then, he analysed the effective physical, optical, chemical, thermo-electrical and electronic properties of structures at the nano-scale, also considering the surface phenomena.
Other relevant studies on the SWNT dynamics can be found in Strozzi et al. [22] , Smirnov et al. [23] and Manevitch et al. [24] .
In the present paper, the three concentric discrete SWNTs that give the triple-walled carbon nanotubes (TWNTs) are modelled as continuum elastic thin circular cylindrical shells considering equivalent mechanical parameters, and the linear vibrations of the TWNTs are studied considering the SandersKoiter linear shell theory; it must be clearly pointed out that the present paper starts from the SandersKoiter linear shell theory and the linear vibration analysis for the SWNTs, which were respectively reported and developed by the same authors in [18] , extending linear shell theory and vibration analysis to the TWNTs.
MWNTs are composed of several concentric SWNTs, where each SWNT can be treated as a cylindrical shell, an elastic multiple shell model is used for the vibration analysis of the MWNT and the vdW interaction between the SWNTs is taken into account.
In particular, for the study of the linear vibrations of MWNTs, a very important issue is to establish a proper representation of the vdW forces into the equation of the elastic strain energy.
Liu et al. [25] developed a nano-scale finite element method for the multi-scale simulation of the MWNTs where the vdW forces between the layers were modelled as nonlinear spring elements.
By modelling the vdW interactions as truss rods, Li and Chou [26] simulated the elastic properties of MWNTs by using an equivalent space frame-like structural model and the finite element method. Ru [27] proposed a linear relationship between the variation of the vdW force and the deflection for the buckling and vibration analysis of MWNTs. This simple linear relationship has been widely used in the studies of MWNTs by using the continuum beam and shell models [28] [29] [30] .
However, it was found that this relationship can be applied only to the vdW interaction between two adjacent layers, as in the case of the double-walled carbon nanotubes (DWNTs). In addition, it was observed that this last model is not dependent on the radius of the individual SWNT.
In order to accurately describe the vdW interactions of the MWNTs, He et al. [31] derived explicit expressions for the vdW forces between two adjacent layers and any two nonadjacent layers of the MWNTs. These expressions indicated that the vdW force is dependent on the change of interlayer spacing and on the tube radii.
It must be highlighted that, in the present paper, the vdW forces between any two layers of the TWNT are modelled by means of a radius-dependent function according to the equations, which are reported in by He et al. [31] .
Based on this refined model, the natural frequencies of MWNTs were analysed by the same authors in [32, 33] and compared with molecular dynamics simulations for DWNTs and TWNTs, with excellent agreement. Other relevant studies on the TWNT dynamics can be found in Pantano et al. [34] , Wang et al. [35] and Yan et al. [36] .
In the present paper, the TWNT dynamics is studied on the basis of a multiple elastic shell model. Readers interested in deepening their knowledge on the shell behaviour are suggested to refer to the fundamental works of Leissa [37] and Yamaki [38] . The first one is mainly concerned with the linear dynamics of shells, exhibiting different topologies, materials and boundary conditions. The second one is focused on the buckling and post-buckling of the shells in linear and nonlinear fields. In Leissa [37] and Yamaki [38] , one can find the most important shell theories, such as Donnell, Reissner, Flugge and Sanders-Koiter, as well as solution methods and numerical and experimental results.
A modern treatise on the shell dynamics and stability can be found in Amabili [39] ; in particular, the effect of the geometry and boundary conditions on the vibrations and stability of cylindrical shells is investigated theoretically and experimentally by Kurylov and Amabili [40] and Pellicano et al. [41] , respectively.
It must be well underlined that the multiple elastic shell model proposed in the present paper for TWNTs is similar to the layer-wise theories reported in the literature for the laminated shells. These layer-wise theories define the laminated composite shell as an assembly of individual layers, where different longitudinal, tangential and radial displacement components are used for each layer, and the continuity conditions of both displacement and stress at every layer interface are imposed.
Barbero and Reddy [42] presented a general two-dimensional theory of laminated cylindrical shells on the basis of a layer-wise approach. They assumed both translational and rotational displacements for each layer, and imposed the displacement continuity condition at the layer interfaces.
Lu and Liu [43] and Lee and Liu [44] started from the layer-wise approach developed by Barbero and Reddy, and extended the continuity condition at the layer interfaces also to the normal and the transverse shear stress of the laminated composite shells.
Reddy and Starnes [45] presented analytical solutions of buckling problems for composite circular cylindrical shells with axial and circumferential stiffeners obtained using a layer-wise shell theory accounting for displacement variations through the thickness of the shell.
Ferreira et al. [46] analysed the static and free vibrations of laminated doubly curved cylindrical shells by using a layer-wise theory and radial basis functions collocation, accounting for through-the-thickness deformations of the composite shells.
Similar to the layer-wise theory, in the multiple elastic shell model proposed in the present paper the vdW interactions between any two SWNTs of the TWNT are modelled by means of a radius-dependent function that states a relationship between the displacements of adjacent layers.
In this paper, the linear vibrations of TWNTs are analysed. The shell dynamics is studied in the framework of the Sanders-Koiter theory and a multiple elastic shell model is considered. The vdW interaction between any two layers of the TWNT is modelled by means of a radius-dependent function. The shell deformation is described in terms of longitudinal, tangential and radial displacement fields. Simply supported, clamped and free boundary conditions are applied. The three displacement fields are expanded by means of a double mixed series based on Chebyshev polynomials and harmonic functions. The Rayleigh-Ritz method is applied in order to obtain approximate natural frequencies and mode shapes. The present model is validated in the linear field by means of comparisons with data derived from the literature. This study is focused on determining the influence of geometry and boundary conditions on natural frequencies and mode shapes of TWNTs.
Sanders-Koiter linear shell theory extended to triple-walled carbon nanotubes
In the present paper, the Sanders-Koiter linear shell theory, which was reported for SWNTs by the same authors in [18] , is extended to TWNTs.
A very important issue concerns the inclusion of the size effects into the elastic shell theory used to model the discrete TWNTs as continuum systems. Nanostructures can behave very differently from macrostructures due to the presence of significant size effects that are not present at the macro scale, that is, surface stresses, strain gradients and nonlocalities [21] . Since surface stresses, strain gradients and nonlocalities are essential for very high natural frequencies [22] and for very low aspect ratios and diameters [24] , then the size effects can be neglected in this paper, which is focused on the linear vibrations of TWNTs with large aspect ratios and diameters, and relatively low natural frequencies.
In Figure 1 , a circular cylindrical shell having radius R, length L and thickness h is represented; a cylindrical coordinate system (O; x, u, z) is considered where the origin O of the reference system is located at the centre of one end of the shell. In Figure 1 , three displacement fields are represented: longitudinal u (x, u, t), tangential v (x, u, t) and radial w (x, u, t); the radial displacement field w is considered positive outward; (x, u) are the longitudinal and angular coordinates of an arbitrary point on the middle surface of the shell; z is the radial coordinate along the thickness h; t is the time.
Strain-displacement relationships
The nondimensional displacement fields (ũ i ,ṽ i ,w i ) of the ith cylindrical shell can be written in the following form [18] 
where (u i , v i , w i ) are the dimensional displacement fields and R i is the radius of the ith shell. The nondimensional middle surface strains (ẽ x, 0, i ,ẽ u, 0, i ,g xu, 0, i ) of the ith cylindrical shell are [18] 
where h = x/L is the nondimensional longitudinal coordinate of the shell and
The nondimensional middle surface changes in curvature and torsion (k x, i ,k u, i ,k xu, i )of the ith shell are given by [18] k
Force and moment resultants
The nondimensional force
) resultants can be written as functions of the nondimensional middle surface strains (ẽ x, 0, i ,ẽ u, 0, i ,g xu, 0, i )and changes in curvature and torsion (k x, i ,k u, i ,k xu, i ) of the ith cylindrical shell in the following form 
Elastic strain energy
The nondimensional elastic strain energy U˜i of the ith cylindrical shell (plane stress hypothesis s z = 0), which represents a SWNT, is expressed as follows [18] 
where
The nondimensional elastic strain energy U˜of a TWNT, which is given by three concentric SWNTs, can be written in the formŨ
where d i = R i =R andR = R 1 (radius of the inner SWNT).
Kinetic energy
The time variable t can be nondimensionalised by introducing a reference natural frequency v 0 in the following form [18] 
where t is the nondimensional time variable, E is the Young's modulus, n is the Poisson's ratio and r is the mass density of the TWNT. The three velocity fields ( _ u i , _ v i , _ w i ) can be nondimensionalised by considering the radius R i of the ith cylindrical shell and the reference natural frequency v 0 in the following form [18] 
where (ũ
) are the three nondimensional velocity fields of the ith cylindrical shell. The nondimensional kinetic energyT i of the ith cylindrical shell, which represents a SWNT, can be expressed as follows [18] 
The nondimensional kinetic energyT of a TWNT, which is given by three concentric SWNTs, can be written in the formT
Van der Waals interaction energy
The nondimensional pressure p˜i exerted on the ith cylindrical shell due to the vdW interaction between the different layers can be written as a function of the nondimensional radial displacements (w˜i, w j ) in the following form [31] 
The nondimensional vdW interaction coefficientc ij between the ith and the jth cylindrical shell is expressed as [31] c
with the following nondimensional vdW interaction parameters
where a = 1.42 × 10 -10 m is the carbon-carbon (C-C) bond length, s = 3.407 × 10 -10 m is the C-C equilibrium separation distance and e = e 0 = 4.755 × 10 -22 J is the C-C potential depth [31] . The nondimensional elliptical integralẼ m ij is given by [31] 
The nondimensional coefficientk ij is expressed in the form [31] 
The nondimensional vdW interaction energyṼ i of the ith cylindrical shell, which represents a SWNT, can be expressed as followsṼ
where l i = À e 0 =2ER 3 b i . The nondimensional vdW interaction energy V˜of a TWNT, given by three concentric SWNTs, can be written in the formṼ
Linear vibration analysis
In the present paper, the same linear vibration analysis, which was developed for the SWNTs by the same authors in [18] , is extended to the TWNTs.
In the linear vibration analysis, the three nondimensional displacement fields are expanded by using a double mixed series, then the Rayleigh-Ritz method is applied to the linearised formulation of the problem, in order to obtain approximated eigenfunctions. The linear vibration analysis is carried out considering only the quadratic terms in Equation (12) .
A modal vibration, that is, a synchronous motion, can be formally written in the form [18] 
are the mode shape of the ith cylindrical shell and f i (t) is the time law, which is supposed to be the same for each displacement field in the modal vibration analysis. The mode shape (Ũ i ,Ṽ i ,W i ) is expanded by means of a double mixed series in terms of mth order Chebyshev polynomials T m * (h) in the longitudinal direction and harmonic functions (cos nu, sin nu) in the tangential direction, in the following form [18] 
where T m * = T m (2h-1), m is the polynomial degree, n denotes the number of nodal diameters and (Ũ i, m, n ,Ṽ i, m, n ,W i, m, n ) are unknown coefficients, which can be calculated by imposing the boundary conditions in the expansions (26).
Boundary conditions
In this paper, simply supported, clamped and free TWNTs are applied; the boundary conditions are imposed applying constraints to the unknown coefficients (Ũ i, m, n ,Ṽ i, m, n ,W i, m, n ) of expansions (26).
3.1.1. Simply supported. Simply supported boundary conditions are given by [18] 
The previous conditions imply the following equations [18] 
where (Á), h = ∂(Á)/∂h and (Á), hh = ∂ 
3.1.2. Clamped-clamped. Clamped-clamped boundary conditions are given by [18] 
The linear algebraic system given in Equations (33)- (36) can be solved analytically in terms of the coefficients
3.1.3. Free-free. Free-free boundary conditions are given by [18] 
It can be observed that the boundary conditions (37) applied at the free edges of the TWNTs are of ''natural type'' (forces and moments) and not of ''geometric type'' (displacements and velocities); since in this paper the Rayleigh-Ritz method is used to solve the equations, then the ''natural type'' boundary conditions will be satisfied by the minimisation of the total energy of the system.
Rayleigh-Ritz method
The maximum number of variables needed for describing a general vibration mode with n nodal diameters is obtained by the relation (
are the degree of the Chebyshev polynomials, p describes the number of equations needed to satisfy the boundary conditions and N sw =3 denotes the number of concentric SWNTs of the considered TWNT.
For a multi-mode analysis including different values of nodal diameters n, the number of degrees of freedom of the system is computed by the relation (N max = N p × (N + 1) ), where N represents the maximum value of the nodal diameters n considered.
Equations (25) are inserted into the expressions of the elastic strain energy (12), kinetic energy (16) and vdW interaction energy (23); after imposing the stationarity to the Rayleigh quotient, the following eigenvalue problem is obtained [18] 
which furnishes approximated natural frequencies (eigenvalues) and mode shapes (eigenvectors and eigenfunctions) of the ith cylindrical shell, where v i is the circular frequency of the synchronous harmonic motion f i (t) = cos v i t,M i is the mass matrix,K i is the stiff matrix andq i defines a vector containing all the unknown variables (its structure depends on the boundary conditions) [18] The approximated mode shape of the jth mode of the ith cylindrical shell is given by Equations (26), where coefficients (Ũ i, m, n ,Ṽ i, m:n ,W i, m, n ) are substituted with (Ũ
i, m, n ), which denote the components of the jth eigenvectorq j of Equation (38) .
The vector function [18] 
is the approximation of the jth eigenfunction vector of the original problem. The eigenfunction vectors are then normalised by imposing the following relation [18] max½max½Ũ (j)
Numerical results
In the present paper, the linear vibrations of TWNTs are analysed; the mechanical parameters of the TWNTs are listed in Table 1 . The TWNTs are composed of three concentric SWNTs with innermost radius R 1 , intermediate radius R 2 and outermost radius R 3 ; each SWNT has the same Young's modulus E, Poisson's ratio n, mass density r and thickness h. All three concentric SWNTs have the same length L and are subjected to the same boundary conditions; in the following, the effects of the aspect ratio L/R 3 and boundary conditions on the natural frequencies of TWNTs characterised by the mechanical parameters reported in Table 1 are investigated.
Mode shapes of the TWNTs
In Figures 2-4 , the mode shapes corresponding to the tangential flexural mode (m = 1, n = 2) of a simply supported TWNT with the mechanical parameters of Table 1 and aspect ratio L/R 3 = 10 are reported. The Sanders-Koiter shell theory is applied. The vdW interaction is taken into account. The radial displacement field w is considered. The mode shapes of the three concentric SWNTs denoted by innermost radius R 1 , intermediate radius R 2 and outermost radius R 3 , which give the TWNT, are shown for three different natural frequencies; for each natural frequency, one prevalent mode shape (with the highest radial displacement w) related to one SWNT (denoted by the radius R i ) and two minor mode shapes (with lower radial displacement w) related to the other two SWNTs (denoted by the radii R j and R k , with i6 ¼j6 ¼k) are reported. In Figure 2 , the mode shapes of the tangential flexural mode (m = 1, n = 2) of a simply supported TWNT with natural frequency f = 0.0139 THz are reported. The prevalent mode shape corresponds to the SWNT with outermost radius R 3 (highest radial displacement w); the smallest mode shape is given for the SWNT with innermost radius R 1 (lowest radial displacement w); an intermediate mode shape (intermediate radial displacement w) corresponds to the SWNT with intermediate radius R 2 .
In Figure 3 , the mode shapes of the tangential flexural mode (m = 1, n = 2) of a simply supported TWNT with natural frequency f = 2.0557 THz are reported. The prevalent mode shape corresponds to the SWNT with innermost radius R 1 (highest radial displacement w); the smallest mode shape is given for the SWNT with outermost radius R 3 (lowest radial displacement w); an intermediate mode shape (intermediate radial displacement w) corresponds to the SWNT with intermediate radius R 2 .
In Figure 4 , the mode shapes of the tangential flexural mode (m = 1, n = 2) of a simply supported TWNT with natural frequency f = 3.3479 THz are reported. The prevalent mode shape corresponds to the SWNT with intermediate radius R 2 (highest radial displacement w); the other SWNTs with innermost radius R 1 and outermost radius R 3 have similar mode shapes (low radial displacement w).
Therefore, from Figures 2-4 , it can be noted that for the tangential flexural mode (m = 1, n = 2) the outermost radius R 3 gives the lowest natural frequency, followed by the innermost radius R 1 and the intermediate radius R 2 : this result will be extended in the following to all the modes (m,n).
The graphical representation of the mode shapes in Figures 2-4 could be very useful for properly interpreting the numerical results of the TWNTs reported in the present paper.
Validation of the present method in the linear field
In Tables 2-4 , comparisons between the natural frequencies of a simply supported TWNT obtained considering the Sanders-Koiter shell theory (present model) and the Donnell-Mushtari shell theory [31] are shown. The mechanical parameters of Table 1 are used. The vdW interaction is taken into account. Tangential flexural modes (n = 2), beam-like modes (n = 1) and radial breathing (axisymmetric) modes (n = 0) are analysed. The radial displacement field w is considered. The three concentric SWNTs, which give the TWNT, are denoted by innermost radius R 1 , intermediate radius R 2 and outermost radius R 3 , respectively. The aspect ratio L/R 3 = 10 is considered. From the tables, it can be seen that for all the modes (m,n) the outermost radius R 3 gives the lowest natural frequency, followed by the innermost radius R 1 and the intermediate radius R 2 , in this order.
Moreover, for all the modes (m,n) considered, the difference between the natural frequencies of the two shell theories for the outermost radius R 3 is strongly higher than the difference in the case of the innermost R 1 and intermediate R 2 radius.
In particular, in the case of the tangential flexural modes (n = 2) of Table 2 , the highest difference between the natural frequencies of the two shell theories for the outermost radius R 3 is given for the mode with one longitudinal half-wave (m = 1), followed by (m = 2) and by (m = 3), respectively; in the Table 1 . Aspect ratio L/R 3 = 10. Sanders-Koiter shell theory with van der Waals interaction. Radial displacement field w. Natural frequency f = 0.0139 THz. Prevalent mode shape: outermost radius R 3 (higher radial displacement w).
case of the beam-like modes (n = 1) of Table 3 , the highest difference between the natural frequencies of the two shell theories for the outermost radius R 3 is given for the mode with two longitudinal half-waves (m = 2), followed by (m = 3) and by (m = 1), respectively; in the case of the radial breathing modes (n = 0) of Table 4 , the highest difference between the natural frequencies of the two shell theories for the outermost radius R 3 is given for the mode with one longitudinal half-wave (m = 1), followed by (m = 3) and by (m = 2), respectively.
From all these comparisons, it can be noted that the present model is in good accordance with the results from the literature, It must be stressed that the high difference in the natural frequencies for the mode m = 1, n = 2 along the radial direction w for the outer radius R 3 is probably due to the more refined middle surface strain-displacement relationships of the Sanders-Koiter shell theory than the Donnell-Mushtari shell theory. Table 1 . Aspect ratio L/R 3 = 10. Sanders-Koiter shell theory with van der Waals interaction. Radial displacement field w. Natural frequency f = 2.0557 THz. Prevalent mode shape: innermost radius R 1 (higher radial displacement w).
The comparisons of the natural frequencies between the Sanders-Koiter shell theory (present model) and the Donnell-Mushtari shell theory [31] are justified by the following motivation.
In the study of the linear vibrations of MWNTs, a relevant issue is given by the proper modelling of the vdW forces. In the opinion of the authors, the vdW force modelling of He et al. [31] , which takes into account the vdW interaction not only between two adjacent layers, as in Ru [27, 29] , Wang and Yang [28] and Wang et al. [30] , but also between any two layers of the TWNT, can be considered as a proper approach. Therefore, the vdW force representation proposed by He et al. [31] is used in the present paper. Since in He et al. [31] the natural frequencies of the TWNT are obtained applying the Donnell-Mushtari shell theory, then the natural frequencies found using the Sanders-Koiter shell theory in the present paper are compared with the results of the Donnell-Mushtari shell theory of He et al. [31] . 
Effect of the boundary conditions
In Figures 5-13 , comparisons between the natural frequencies of a TWNT with aspect ratio L/R 3 = 10 and different boundary conditions obtained applying the Sanders-Koiter shell theory are shown. The Table 3 . Natural frequencies (THz) of the simply-simply triple-walled carbon nanotube of Table 1 are considered. The vdW interaction is taken into account. Tangential flexural modes (n = 2), beam-like modes (n = 1) and radial breathing modes (n = 0) are studied. The radial displacement field w is analysed. SWNTs with innermost radius R 1 , intermediate radius R 2 and outermost radius R 3 are investigated. Simply supported-simply supported, clamped-clamped, free-free, simply supported-free, clamped-free and clamped-simply supported boundary conditions are analysed.
In Figures 5-7 , the effect of the boundary conditions on the natural frequencies of a TWNT for the tangential flexural mode (n = 2) is investigated for the outermost radius R 3 , innermost radius R 1 and intermediate radius R 2 , respectively. From these comparisons, it can be observed that, for all three radii R i , the natural frequency for the clamped-clamped TWNT is the highest, followed by the clampedsimply supported, simply supported-simply supported, clamped-free, simply supported-free and freefree natural frequencies. In addition, the percentage differences between the natural frequencies of the boundary conditions considered decrease from the outermost radius R 3 case to the innermost radius R 1 case and to the intermediate radius R 2 , in that order. ''--'': free-free; '' e -■-'': simply-free; '' -▲-'': clamped-free; '' -×-'': simply-simply; '' -+-'': clamped-simply; '' --'': clamped-clamped.
In Figures 8-10 , the effect of the boundary conditions on the natural frequencies of a TWNT for the beam-like mode (n = 1) is analysed for the outermost radius R 3 , innermost radius R 1 and intermediate radius R 2 , respectively. From these comparisons, the same behaviour of the case (n = 2) for the radii R 3 and R 1 can be observed; moreover, it can be seen that for the intermediate radius R 2 the natural frequencies of the free-free, simply supported-free, clamped-free and simply supported boundary conditions have the same behaviour for all values of longitudinal half-wave m, while the natural frequency of the clamped-clamped conditions increases for m = 5 and the natural frequency of the clamped-simply supported conditions increases for m = 6.
In Figures 11-13 the effect of the boundary conditions on the natural frequencies of a TWNT for the radial breathing mode (n = 0) is shown for the outermost radius R 3 , innermost radius R 1 and intermediate radius R 2 , respectively. From these comparisons, the same behaviour of the cases (n = 2) and (n = 1) for the radii R 3 and R 1 can be observed; moreover, it can be seen that for the intermediate radius R 2 
Effect of the aspect ratio
In Figures 14-22 , comparisons between the natural frequencies of a simply supported TWNT with different aspect ratios obtained applying the Sanders-Koiter shell theory are shown. The mechanical parameters of Table 1 are used. The vdW interaction is taken into account. Tangential flexural modes (n = 2), beam-like modes (n = 1) and radial breathing modes (n = 0) are considered. The radial displacement field w is investigated. SWNTs with innermost radius R 1 , intermediate radius R 2 and outermost radius R 3 are analysed. The aspect ratios L/R 3 = (10, 20, 30, 40, 50) are examined. In Figures 14-16 , the effect of the aspect ratios on the natural frequencies of a simply supported TWNT for the tangential flexural mode (n = 2) is studied for the outermost radius R 3 , innermost radius R 1 and intermediate radius R 2 , respectively. From these comparisons, it is confirmed that, for all three radii R i , the natural frequency in the case of aspect ratio L/R 3 = 10 is the highest, whereas the natural frequency in the case of aspect ratio L/R 3 = 50 is the lowest. In addition, the percentage differences among the natural frequencies of the different aspect ratios analysed decrease from the outermost radius R 3 to the innermost radius R 1 and to the intermediate radius R 2 , in that order. From these figures, it can also be observed that the increase of the natural frequency with the number of longitudinal halfwaves m for the lowest aspect ratio L/R 3 = 10 is almost linear for the radius R 3 and it is quadratic for the radii R 1 and R 2 , while the natural frequencies for the highest aspect ratio L/R 3 = 50 tend to an horizontal asymptote. In Figures 17-19 , the effect of the aspect ratios on the natural frequencies of a simply supported TWNT for the beam-like mode (n = 1) is studied for the outermost radius R 3 , innermost radius R 1 and intermediate radius R 2 , respectively. From these comparisons the same behaviour of the case (n = 2) for the radii R 3 and R 1 can be observed; moreover, it can be seen that for the intermediate radius R 2 the natural frequencies of the aspect ratio L/R 3 = 50 assume the same value for all the longitudinal halfwaves m, the natural frequencies for L/R 3 = 40 increase from m = 5, the natural frequencies for L/R 3 = 30 increase from m = 4, the natural frequencies for L/R 3 = 20 increase from m = 3 and the increase of the natural frequency with the number of longitudinal half-waves m for the lowest aspect ratio L/R 3 = 10 is almost linear.
In Figures 20-22 , the effect of the aspect ratios on the natural frequencies of a simply supported TWNT for the radial breathing mode (n = 0) is studied for the outermost radius R 3 , innermost radius R 1 and intermediate radius R 2 , respectively. From these comparisons the same behaviour of the cases (n = 2) and (n = 1) for the radii R 3 and R 1 can be observed; moreover, it can be seen that for the intermediate radius R 2 the natural frequencies of the aspect ratios L/R 3 = (20,30,40,50) assume the same value for all the longitudinal half-waves m, while the natural frequencies for the lowest aspect ratio L/ R 3 = 10 increase linearly from m = 3.
Conclusions
In this paper, the linear vibrations of TWNTs are analysed. The shell dynamics is studied in the framework of the Sanders-Koiter theory and a multiple elastic shell model is considered. The vdW interaction between any two layers of the TWNT is modelled by means of a radius-dependent function. The shell deformation is described in terms of longitudinal, tangential and radial displacement fields. Simply 
supported, clamped and free boundary conditions are applied. The three displacement fields are expanded by means of a double mixed series based on Chebyshev polynomials and harmonic functions. The Rayleigh-Ritz method is applied in order to obtain approximate natural frequencies and mode shapes. The present model is validated in the linear field by means of comparisons with data derived from the literature. This study is focused on determining the influence of geometry and boundary conditions on natural frequencies and mode shapes of TWNTs. The most important results of the present paper are given below.
(a) Mode shapes (simply supported TWNT with aspect ratio L/R 3 = 10)
In the case of TWNTs, by considering only the radial displacement w, three different natural frequencies for the vibration mode (m = 1, n = 2) are present; for each natural frequency, three different mode shapes corresponding to the three concentric SWNTs denoted by the innermost radius R 1 , intermediate radius R 2 and outermost radius R 3 are obtained; among these three mode shapes, one is prevalent (with the highest radial displacement w) and two are minor (with lower radial displacement w). For all the studied modes (m,n), the prevalent mode shape for the lowest natural frequency is associated with the SWNT with outermost radius R 3 , for the intermediate natural frequency it is associated with the SWNT with innermost radius R 1 and for the highest natural frequency it is associated with the SWNT with intermediate radius R 2 . (b) Boundary conditions (TWNT with aspect ratio L/R 3 = 10)
In all the considered modes (m,n), for the outermost radius R 3 and innermost radius R 1 , the natural frequency for the clamped-clamped TWNT is the highest, followed by the clampedsimply supported, simply supported-simply supported, clamped-free, simply supported-free and free-free natural frequencies. For the tangential flexural mode (n = 2), the intermediate radius R 2 presents the same behaviour of the other radii; for the beam-like mode (n = 1), the intermediate radius R 2 gives natural frequencies of free-free, simply supported-free, clamped-free and simply supported boundary conditions with the same behaviour and natural frequencies of clamped-clamped and clamped-simply supported conditions with very little increase; for the radial breathing mode (n = 0), the intermediate radius R 2 gives natural frequencies of all the boundary conditions with the same behaviour. (c) Aspect ratio (simply supported TWNT)
In all the considered modes (m,n), for the outermost radius R 3 and innermost radius R 1 , it is confirmed that the natural frequency for the lowest aspect ratio L/R 3 = 10 is the highest and the natural frequency for the highest aspect ratio L/R 3 = 50 is the lowest. For the tangential flexural mode (n = 2), the intermediate radius R 2 presents the same behaviour of the other radii; for the beam-like mode (n = 1), the intermediate radius R 2 gives almost constant natural frequencies for the aspect ratio L/R 3 = 50, little increasing natural frequencies for the aspect ratios L/R 3 = (20, 30, 40) and linear increasing natural frequencies for the aspect ratio L/R 3 = 10; for the radial breathing mode (n = 0), the intermediate radius R 2 gives equal constant natural frequencies for the aspect ratios L/R 3 = (20,30,40,50) and little increasing natural frequencies for the aspect ratio L/R 3 = 10.
